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FREQUENCY-RESPONSE 31ETHOD FOR DETERMINATION Ol? DYATMIIC STABIIXH
CHARACTERISTICS OF AIRPLANES WITH AUTOJIATIC CONTROLS

By HARRY GREENBERG

SUMMARY

.4 frequency-response method for determining the cm”tical
co ntrol-gean”ng and hunting oscillations ofairplan(s u<th
automatic pilots is presented. The method is graphical and
has sercral advantages ocer the s~andard numerical procedure
bawd on Routh’.s dism-minant. l% chiej adrantage qf the
method is that ciir.d use can be made qf th~ rrwaswed response
cha.ractem”sticsof the automatic pilot. This feature is espem-ally
useful in determining the e.risi!ence, amplitude, and freqwneg
of the hunting oscillation~ that may be present when the auto-
matic pilot has nonlinear dynamic characteristics.

Sew-al examples are worked out to illustrate the application
of the jrequency-response method in determining the e$ect oj
autornatic-pilof lag or kad on critical control gear-t.ng and in
determining the amplitude and frequency of hunting. It is
shown that the method may be applied to the case of a control
geared to airplane motioris about two ares.

INTRODUCTION

The increased use of automatic control on aircraft (espe-
cially on pilotless aircraft) has focused attention on the
proper design of the aircraft and associated control systems
with a view tow-ard obtaining satisfactory dynamic stability.
The controI system (autopilot.) consists of the gyro, phase-
shifting device, and servomotor. Factors in the controI
system thrit determine stability characteristics are controI
gearing? lag in the sem-omotor, and lezd in the phase-
shifting device. The stability characteristics of the air-
pIane depend on a,irpIane configuration and mass distribution.

The purpose of the present report is to gi-re a method for
analyzing the dynamic stability of an airplane with auto-
matic control which makes direct use of the obser~ed dynamic
characteristics of the automatic pilot (%erein called auto-
pilot). The method separates the chtiracteristics of the
autopilot from those of the airplane. It, therefore, easiIy
re-reals the effects of modifications to the autopiIot such as
adding lead. The procedure is largely graphical. The
method is similar in certain respects to that of h~yquist
(reference 1), which was devised for electronic circuits but
which has also been applied by some workers to the design
of servomotors.

The frequency-response method was prwiously appIied by

Jones (reference 2) to calculate the hunting produced in
airplanes with “flicker,” that is, on-off controI. If the servo-
motor (herein called servo) has a linear lag characteristic
(Iag independent of amplitucle}, then there will usually be an
upper Iimit to the control gearing above which the airpIane
wdl be unstable. The frequency-response method deter-
mines this critical controI gearing and the corresponding
frequency for any type of Iag or lead in the autopiIot. It
also indicates the changes to be made in the serro which will
improve the stabiIity of the airpIane.

The utility of the frequency-response method is most ap-
parent in the case of an actuaI ser-ro with nonlinear lag
characteristics. This m&hod allows the use of measured
characteristics of the servo that. might be inconvenient to
represent by a mathema.tieal formuIa..

TER311NOLOGY AND SY31BOLS

The word “lead” is used in this report in two ways. It- is
the phase angle of control-surface deflection 3 ahead of air-
pIane deflection, say angle of pitch 8, and it is also used to.
indicate a detice that. causes an increase in the phase angle
of lead of 6 ahead of 8. These phase-shifting devices are
herein caIIed first-derivati-re lead and second-derivative lead.

The expression “linear autopiIo6° is used to indicate a servo
that is acted upon by a.force proportional to the input signs.I
(airpIane clefIection) and resisted by a force proportional to
the displacement and velocity of the output (control-surface
motion).

The function of the automatic piIot is to apply a corrective
control deffectio~ in response to anF deflection of the air-
plane. The “control gearing” is the ratio of the appIied con-
trol defection to the airplane deflection for very slow
deflections (static condition]. There may exist a “critical
control gearing, ” which in nearIy all practical cases is an
upper limit beyond which cl.ynamic instability occurs.

The following symbols are used:
a ratio of control deflection due to secoud derivative of

airplane dispkwment to that due to airplane
displacement

T ratio of control deflection due to first derivative of
airplane clisp~acement to that due to airplane
displacement
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amplitude of airplane oscillation produced by unit
amplitude oscillation- of control—surface

amplitude of control-surface oscillation required to
rmintain unit amp]itude of airplane oscillations (l/R)

amplitude of control-surface. oscillation produced by
autopilot in response to airplane oscillation, clivicled
by amplitude of airpkme oscillation

6Pfor unit control gearing .

critical vaIue of control gearing
spring stiffness factor of servo ancl control surface
factor relating airplane cleflectiou and force on servo
control gearing, ratio of 3 to 6’ in static condition

(k,/kJ
visco~l-s damping factor of servo and controI surface
viscous lag factor Which depends on c and kl (c/kJ
mass of movable part of servo and control surface
time, seconds
period of oscillation, seconds
angIe of cont~ol-surface deflection in direction to

reduce angle of pitch of airplane
phase ang]e of lead of 3 ahead of 19When oscillating

airplane forces control surface to osciUate
phase angle of lead of 6 ahead of 8 when oscillating

cent rol surface forces airplane to oscillate
angle of pitch of airplane
signaI fed into servo
angle of bank of airplane
angle of yaw of airpIane
gyro displacement produced by airplane deflection
angular frequency, radians persecond (27TXFrequency)
anguIar frequency of servo and airplane when k=k,,,

radians per second
natural angular frequency of servo, radians per second
angle of tilt of gyro axis from X-axis of airplane
differential operator (d@)

Subscript:
max maximum

BASIC PRINCIPLES OF FREQUENCY-RESPONSE METHOD

The response of the airplane to a sinusoidal control motion
may be measured in flight or may be computed from the
equations of motion of the airplane. (See appendix A.)
The airplane response is sinusoidal and of the same frequency
as the control motion and. has an amplitude and phase that
depends on this frequency. If the coutrol motion is given by

~= sin d

then the response in pitch, for example, may be expressed as

@=R Sin (d- c,)

There R and e, both depend on u, and R is the ratio of the
amplitude of o to the amplitude of 6 When the control surface
is forcing the airplane to oscillate. Changing the amplitude
of 8 produces a proportionate change in the amplitude of 6
but does not affect the phase angle e,. TILe reciprocal of R

gives the amplitude of 8 required to susttiin unit ampl itudo
osciHation in @ and is denoted by 6,; that is, if

6=6, sin at

then the response VW be

O= Sin (d- 6,]

A pIot of & and c, against u is then made and is referred Lo
as the frequency response of the airplane.

The frequency response of the autopiIot is obtwinccl by
measuring or computing the response of the control surfa,cc
to a ste-tndy oscillation of &he airplane. The response may
be caIcu18ted if the dynamic constants of tho auLopiIot are
known, but it is usually easier to measure the response by
oscillating the autopilot in the laboratory. These calcula-
tions or measurements give the response to

and this response is expressed by

6=8,, sin (d+ CD)

where ~Pl is the ampIitude of 6 for unit control gearing and

6* is the phase angIe of lead of 6 ahead of o when the airPlatlc
is forcing the control surface to oscillate.

If at some value of the angular frequency M the condition

ep=e~

exists, then the airplane connected to the autopilot will
oscillate continuously at this frequency ah constunt. ampli-
tude, provided the control gearing is made equal to 8,/~Plat

this value of w; that is, the critical control gearing is given by

at u where e,=ep. This condition of neut.raI stabiliLy is
shown schematically in figure 1. An example of a solution
for k., is shown in figure 2. In this case w,,= 6.2 and

i
k,,=: at this value of w; therefore k.,=~~=0.36.

PI

4irp[ane
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I
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.=.,,==-bd”:=s;n
FIWRE 1.—Response of airplane to sinusoidal CQDtd motion aUd K$SPons6 Of Control to

sinusoida~ airplm?a motion. If c,= G and k= k,,=-~, the autopilot W~ SUSh3h t]m
8W

oscillations.
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FiGt_RE. 2.—IUaNration of frequency-r~~ouw methd of dewrmining critical eonrrol gearing.

d .,=S:2 k== O.36. (Dotted fine indicates whwe ,,= e.)

k ahnost all cases control gearings greater than ?cC,result
in instabiit.y and control gearings less than k., provide
stability. Thus, k., is usually an upper Limit to the permis-
sible control gearing. More generallF, the stable side of
the boundary is determined by the relative slopes of the e,

and -P curves at their intersection. If ‘~~ is greater than

de,
—~ the system is stabIe below 1~~and -rice -rersa.
dco

A proof

of this rrde is gi-ren in appendix B.
k the preparation of figure 2 and the examples tlmt- follow-

(,figs. 3 to S) a particular airpIane configuration was assumed
for the computation of & and E,. (See appendix A for
methods.) This hypothetical pilotless airplane has four
fins 90° apart, a horizontal pair for pull-ups and a -rerticaI
pair for turns. The fis constitute the only lifting surfaces
of the airplane and are equipped with ailerons connected to
a roll gyro and servo that maintain the airp~ane in a position
in -which one pair of fins is aIwriys horizontal. The pitch
and yam control surfaces are trailing-edge flaps on the fins
and are connected in pairs, one pair on the horizonkd fins
connected to a pitch gyro and ser-ro and the other pair on
the vertical fins connected to a yam gyro and servo. It is
assumed thab the pitch and yaw motions do not. interact

w-ith each other or -with any accidental rolhg motion that

FIGCRE ?..-Effect of lag in tbe ser~o cm the fre~uency response o~ a witkalfy damped li~ea

servo. v. atuml frequency of semo ~=+

may exist. Figures 2 to 6 show- the ele-rater-pitch stability.
13udder-yavr stabiIitF may be expected to be -very nearIy
the same as ele-rater-pitch stabiIity because of the confla-
tion of the fis.

LNEAR AUTOPILOT

The motion of a control surface actuated by a simple Iinear
autopiIot is simihm to thai of a mass-spring-cIashpot and may
be represented by the equation

w-here each of the fqctors m, c, and kl is the sum of two parts,
one part clue to the servo and one part clue to the control
surface. For exampIe, kl is the sum of the spring constant
of the servo and the aerod-ynamic hinge-moment. constant
of the controI surface. The term L-2e represents a force
proportional to the de-riation in angle of pitch 6 applied
without. lag.

Actually, the effect of control-cable flexibility is to intro.
duce an acIditionaI degree of freedom into the system. ‘This
effect is probably smalI and may be taken into account
either analytically or b-j flighb measurements as mentioned
in the section “ATordinear Autopilot. ”
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u, rOaians/sec

( ,)”FIGURE L- EfX?ut of &rst-deriv&tive lead r=.~ m the autopilot on th~ frequency Iesponse

of a critically damped linear servo. Xatwd frequency of seryo ~n=+.

Ecluation (1) may be expressed as

(2)

where k2/kl is the control gearing ,+. The Imtural frequency
of the sem~o is given by

,_ It,
~n—–

m

and the damping depends on the quantity l= .L~1” With these

substitutions, equation (2) becomes

The ‘ term lD represents viscous clamping and the term
D’/M,,z represents inertia reacbion.

VVheu the 8utopiIot is oscillated in pitch, the control
response 8 lags behind 6. The Iag usually decresses as the
lag factor 1 decreases and as the naturrd frequency co.
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FIGURE ,5.-l? ffeet of lag and lead on the critieaI controI gearing with a critically damped
I-I-ID

linear servo. Airplsne characteristics of tigwo 2. t =—2—. l=:.

1+G8D+$’

increases. It is convenient to choose mmeq~lal to 2//, a vrdue
that gives criticrd damping. With this choice, the pbasc
angle EDand the dative amplitu(lc for unit ron[rol gmwil)g
clrlof the response are presented in figure 3 for four vahms

of 1. Values of & arid c, for the assume(l airplane arc also
gi-ren so that k., can bu obtained for each value of /.

If first-clerivative lead is added to the system, the cqu#icm
of motion rc]ating 8 and Obccomm

f@re 3, but with r=j- C’ompnrison shows that the iirsL-

clerivati~e lead produces an angle of lefid tht ttpprrmrhcx
90° at I&h ~alucs of the angular frequency ~, This anmunL
of lead is enough to override the lag for moderate values of 1
at 1011-frecluencies hut not at high frequencies,

Vzlues of k,, obtained from figures 3 and 4 are showm in
figure 5 plotted against the viscous lag factor 1. Considerable
increase_ in the sttible range of controI gearing is evident for
small Ya]ues of 1 with the firsL-derivative lead, Note how’
this impro~ement in stability diminishes at large vaIues of 1.

If both first-derivative Iead and second-derivative iead
are a~lded, the response of the control is given by the equation
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FIWfRB 6.—Effeet of dmt-derivati~e kd and second-deci~-atiw Iead on the Iag ot the .wr.m
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It can be shown that if
r>l

and

lead w-ill exist at all frequencies. In this situztion the air-
plane cannot oscillate regardless of the value of k or, stated
cMferentIy, the critical controI gearirrg is infinite. Figure 6
shows the restdtant lag or lead for a criticality damped ser~o
for which WZ=20 radians per second and for rarious vaIues
of r and a. The top cum-e is for ~alues of r and a thzt satisfy
expression (3) and, therefore, result in Iead over the entire
frequency range.

XONLIN’E.IR AUTOPILOT

Even if the servo is constructed to give a response pro-
portional to a stead~ disturbance, its response to an oscillating
disturbance is not proportional in practice to the amp]itude
of the disturbance because of the nonlinear d-ynamic character-
istics of the sem-o. The lag is then a function of both am-
p]itude and frequ ene-y. By finding experimentally the
frequency response of the autopilot for a number of amplitudes
and for a gi-ren control gearing, it is possible to cIetermine the
ampIitude a~d frequency at which the airpIane wiU oscilIate
when coupIed to the autopilot at that particular vaIue of
control gearing. The condition for steady oscillations
(’hinting) is that 8p=& and e.= e, at some frequemy. The
frequency and anpIitude of the steacbj oscillations of the
a.irpkme are the: values of u and t?m,a=at which tiP= 6, and
Ep= +

G
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FI~CI+E 7.- E fket of am~)litude on tbe frequen~ re.qxmeof a .wrro, %s mewmd on an

osdfatimg mble.

The stability of these constant-ampIitude oscillations has a
slightIy different si=gnitimnce from that of linear systems.
In linear systen~ the oscillations are, in generaI, either
damped or undamped regardless of the amplitude. In the
case of the hunting that may e.sist With a nonlinear servo
the osculations are said to be stable if, after a disturbance
from their steady -raIue, they temi to return to that. steady
vaIue. The criterion for the stability of the steady oscilla-
tions folIows from that for the linear &utopilot and is _

<o

The solution obtained k not exact because the autopiIot
response to sinusoidal airplane motion is not a pure sine wave
but. is distorted; however, the existence and appro.ximrtte
amplitude ancI frequency of hunting oscillations of the funda-
mental can be determined by the frequency-response method.
The values of 3Pand Crused when the response is not, skusoi-
daI are the values of the equivalent sinusoidal reponse w+ich
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Fro CRE 8.—PM of 8J8, and @W against 811WCobt ained from figure 7, showing the amplitude

and frequency of the hunting.

supplies the same energy per cycIe and the same impulse
per half cycle as the observed response. This condition leads
to the folIorving expressions for er and 62:

where

The value of 6 in these integrals is the measured control-
surface deflection in response to an oscillating motion of the
airplane represented by O= ~~.z sin d. It turns OULthat B

is exactly equal to the COSi.De cOmcieIIL of the fundamental
frequency component of the Fourier series approximation
tO 6;however, A is not in general exactly equal to the fist
sine coefficient of the Fourier series. Ordinarily the oscilla-
tion in pitch is performed fi] the laboratory by mounting th
autopilot on a table tha L c!tm be made to oscillate.

A more exacL method of determining the auLopiloL clLalIic-

teristics, which incIudes the. effects of controI-systmn !lcx-
ibility and hinge moment, is to me.asuro tlm response of LJm
control surface ancl airplane in flight to a sinusoidal input
signal to the savo. In orcler to ob tuin tl~e frc~uenc-j rcsponso
of the controI system to sinusoidal input signaI, it is necessary
to divide the vector output 8 by the vector sum of input
signal due to 6 and input signal applied (Iircetly. Thus, the
dynamic characteristics of the airphme aTld control system
can be obtained tit the same time. If the aircraft is noL
available for flight tests, one can “synthesize” the compIet.e
servo-contiol-system response from ground measurements of
the servo-and estimates of control-system flexibility, inerLia,
ancl aerodynamic hinge moments.

A typical application of the method for dctgrmining ampli-
tude and frec~uency of hunting of am aircraft am-l autopiloL
with sLops in the control system is shorfm in figures 7 and 8,
The airplane used in this example is slightly different. from
that. considered previously and, therefore, the & and e, cumcs
are sIightly different from those in figures 2 to 6. Figure 7
contains the phase and amplit ud.e of the expcrimcn M
response of the autopilot plo L,ted against frequency for a
series of amplitudes of the input ancl ak,o t.ho corresponding
calculated curves for the aircraft. For each amplitude the
values of 8P ancl ~, are obtained ILL the frwqllency Whcm
e*=eT. The ratio 8,/6, and the value of a,, (where ~,=~,j mm
plotted against amplitude of pitch t?~.=in figure S. The ampli-

tude and frequency of hunting occur Wbcrc ~= 1. in this
7

exampIe the amplitude of the hunting is about 2.50 and [he
frequency is 18.7 radians per second,

~Nonlinearity in the autopilot usually causes an incretse of
lag With ampIitude. This increase may resulL in a reversnl of
the favorable effect of first-derivative lead as the lead factor
r is. indefinitely increased zmcl suggests an optimum vaI uc for
r, a, concision that is supported by flight, expc’ricner. This
result may be traced to the counteracting effcc Lsof leacl and
amplitude introduced by the first-derivative lead. The first-
derivativc lead shifts the phase of the signal fcd into the servo
so that the signal leads 6 by an amount tan-l rw and increases

the .ampIitude of the signal by the factor ~-. The
change of lead With r may be stat cd symbolically as follo]vs:
If the depcnclence. of en on 8 and u without first-dcri va tive
lead is exqxessed by

Cn=jf(t?,N)

then the addition of first-derivative lead changes the lead to

~P=j(@, W)+tan-~rw (4)
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13ifferentiating equation (4) with respect. to r gives

(5)

If r IS very small, the first term on the right-hand side of
de,

equation (~) k negligible, so that ~ k positive. The acldi-

tion, therefore, of a smalI amount of fist--derivative lead
results in a change in eP in the direction of more lead. A

similar anaIysis of the effect of r on 6= show-s that,’~ =0

m-hen r=O. For smalI -dues of r, therefore, the effect of
adding first-derivative lead is the same as for the linear ser-ro:
an improvement in deynamie stability and a reduction in the
ampIit ude of hunting is to be espected. For large vaIues of r,
how-ever, the Iag due to increase in amplitude (first term)
tends to counteract the direct lead (second term) arid may
CaUSe more tiolent hunting. Some optimum value of r may
therefore exist. A direct cIetermination of its -ralue may be
made from the autopilot, for -rarious -ralues of r, 0, and w.

APPLICATION OF >~ETHOD TO COXTROK9 GE.4RED
TO MOTIOX ABOUT TWO AXES

Sometimes the aileron or rudder is geared to both the angle
of bank and the angle of yam-. UsualIy this gearing is ac-
complished by tiIti.ng the gro in such a w-ay that the rotation
of the g-yro is affected b-j bank and -ja-w according to the
formula

@=@ Cos T+# sin T

In order to apply the frequency-response method in this case
it is necessary onIy to caIculate the response in bank and
yaw of the airplane to a sinusoidal control motion and to
combine them according to the preceding formula to obtain II.
This formula .yieIds the & and ●, curves. The other pair
of cur-res required-the 3P and Fr cur-res-are obtained in
exactly the same ~a-y as before, namely, b-j oscillating the
gyro about its se~~itive axis. The critical control gearing so
determined w-ill be the critical ratio between 6 and 0.

CONCLUDING RE31.ARKS
.

The frequency-response method of ana~ysis is a useful
graphicaI means of cleterminin.u oscillation characteristics of
an airplane equipped with an automatic pilot. If the servo
is linear (ideal case), the critical controI gearing beyond
which increasing oscillations take place can be readily de
termined. If the servo has nonhnear characteristics (prac-
tical case), the existence, ampLitude, and frequency of steady
hunting oscillations can be determined approximately from
the measured frequency response of the semo ancl the com-
puted frequency response of the airplane.

In generaI, the use of &st-derivative lead (a phase-shifting
detice) has a fa~orable effect OD tie d.mamic stability-.
Large amounts of fist-deri~ative lead or phase shift may be
destabilizing due to the increase in the sigmaI amplitude pro-
duced by this phase-shifting detice.

IAXG~EY MEMOEL%L ~EROKAUTIC.kL L.iBOR.ATORI-,

X7.1TIOX.lL/LDVISGR=i (203i311TTEEFoR ~ERONAUTICS)

LAXGLEY I?IELD, VA., December 3, 1.946.



APPENDIX A

C.4LCULATION OF RESPONSE OF AN’ AIRPLANE TO SLYUSOIDAL CONTROL MOTION

The response of the airphme in pitch to sinusoidal ele-rater
motion w-illbe used as an exampIe. The basic equations are
derived in reference 3 but w-ith somewhat different notation
and without the effects of control deflection, rate of change
of a.ngIe of attack, and power. The equations of motion,
for a given conhol deflection, are

-where
1 dTZU=CD—7 —-.

pJSdJ

.

IT pit&ing moment of inertia, slug-ftz

478

m. mass of airpIane, slugs
wing chord, ft

: wing area, sq ft
U= A?T/v
v velocity, ftjsec
Av change in velocity, ftJsec
c. lift coef&ient
a angIe of attack, r~dians
c. pitching-moment coei3icienti
c. drag coefficient

P air density, slugs/cu ft

Solving equations (Al) for ~ by the method of determi-

Expanding these determinants b-y the usual methods gi-res

an expression for ~ consisting of the rtatio of two polyno-

mials in D, which may be written as

e_ alP+blD+cl
~—aZP+b2Dz+e2D2 +d2D+eZ

The phase and amplitude of the response of 0 to the motion
&=sin cot is obtained by substituting iu for D in the above

o
~. This substitution gives a complex number,expression for -

say, A+iB. The angIe of lead of 0 ahead of 3 is tan-’:

and the ampIitude of 6 is ~~~ that is

BET=—tan–I —
A.

R= ,1A’+F-
and

@=R sin (d-~,)

6,=;



APPENDIX B

DETERMINATION OF STABLE SIDE OF STABILITY BOUNDARY OBTAINED BY FREQUENCY-RESPONSE METHOD

IL is show-n in the body of this report that a critical value
of the control gearing e.sists if at some frequency a the values
of e, and CPare equal and that the -due of the critical control
gearing is equal to 6,/6Pl at that. frequency. It. * now be

show-n that the stable side of the stability boundary may be
determined by the relative slopes of the e, and c, cum-es at
the point where e,= eP.

As show-n in reference 2, the response of an airplane to any
disturbance may be computed from the “response function.”
The response to a sinusoidal distmrbanee is obtained by sub-
stituting iu for the variable II in the response function.
The response functions for the airplane and autopilot may
be combined to form the stability equation of the airplane
plus autopiIot. as follows:

Let d=jl(ll)~ be the airplane response function znd
~=~fz (D)O be the autopilot response function where k is the

corit rol gearing. Combining the tw-o gives

By substituting =j, (Dj.f2(D)~his equation may be vmit-
ten as

1–ky(D) = o (B1)

This is the “stabihty equation,” the roots of mhich for the
variable D determine the damping and frequency of the
motion. The frequency responses are obtained from the
response functions by use of the following:

f,(ia) =Re-’”=~ e-’”
r

‘I%en a duynamic-stabihty boundary exists if 1–kj(iu) =0
for some value of 0, say co.,. It follows from the definition
of fl and jz that. this dynamic-stability boundary occurs when

e,—ee=o
and

at. some value of w=u.,. TJnder these conditions, equation
(B I ) has a pair of roots ~=+ iw,, when k has the value given.

In order to find the stable side of the boundary, it is neces-

dD
sarY to fid the sign of the real part of ~Z at the boundary.

From equation (Blj

. dD j(D)—. —
al% ~

This equation musL be evaluated v&D D=iu,,. At this

,fy~~;;~~~=a’,
dD .

is negati~e, the real part of ~F M positive.

ik k increases above the critical vaIue, therefore, the roots
of the stability

then the stabIe
vice ~ersa.

equation indicate inst~bility; that is, if

region is located where k is less than kC, and
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